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Abstract

Intuitionistic real numbers are constructed as sheaves on the state
space of the Schrodinger representation of a CCR-algebra with a finite
number of degrees of freedom. These numbers are used as the values
of position and momentum variables that obey Newton’s equations of
motion. Heisenberg’s operator equations of motion are shown to give
rise to numerical equations that, on a family of open subsets of state
space, are local approximations to Newton’s equations of motion for the
intuitionistically valued variables.

The ontology of space in quantum mechanics can only be understood through
a viable theory of quantum mechanics. A viable theory is a theory that is
complete in the sense described by Einstein, “A complete system of theoreti-
cal physics is made up of concepts, fundamental laws which are supposed to be
valid for those concepts and conclusions to be reached by logical deduction. It is
these conclusions which must correspond with our separate experiences;.....” [4].
It can be argued that the standard theory of quantum mechanics is not complete
in this sense because some of the separate experiences, e.g. those of measure-
ment, that the theory should be able to reach by logical deductions from its
fundamental laws and concepts are not obtainable within the theory [3]. More-
over, quantum mechanics has conclusions corresponding to experiences, such as
the two slit experiment, that present severe interpretative difficulties. There is
general agreement that most of the “paradoxes” of quantum mechanics depend
upon “the relation between - on the one hand - the values of physical quanti-
ties, and - on the other hand - the results of measurements”[6]. We claim that a
resolution of these interpretative problems is found by constructing for the on-
tological values of physical quantities a real number continuum that generalises
and contains the standard real number continuum.

In this approach, the real number continuum is no longer taken to be an ab-
solute element of the theory, its structure will depend upon the physical system



being described. This dependence of the structure of the real number contin-
uum on the physical situation is analogous to the dependence of the metrical
structure of space-time in general relativity on the physical situation that it
describes.

It is a mathematical fact, see for example [7] section VI.8, that the standard
real number continuum gives us the prototype of a class of real number continua
in much the same way as Euclidean geometry provides the prototype of the
class of Riemannian geometries. The class of real number continua is called the
Dedekind reals Rp given by the sheaves of continuous real valued functions on
a topological space X. To obtain the standard reals just take the topological
space X to be the one point space. For quantum mechanical systems, we take
the real number continuum to be the continuum of Dedekind reals Rp in the
topos Shv(Es) of sheaves on the topological space Es, where Es is the set of
all normalised, strongly positive linear functionals (states)on the Schridinger
representation of the algebra generated by the canonical commutation relations
[2]. The topology on E&s is chosen to make continuous all the functions of the
form ag(p) = Tr(p- A) : p € Es. Then the functions aq form a subobject A of
Rp on Eg that we call the quantum real numbers. Because the logic of the topos
Shv(€s) is non-Boolean intuitionistic [5], some of the mathematical properties
of the quantum real numbers differ from those of standard real numbers [2], [8].

All the mathematical ingredients used in the construction of the Dedekind
real number continuum Rp in the topos Shv(Es) are present in the standard
Hilbert space formalism of quantum mechanics[9].

A physical interpretation of these non-standard real numbers may be linked,
via the interpretation of a quantum state p as representing a preparation process,
to the requirement that the whole experimental arrangement must be included
in the determination of physical quantities. However our model differs from
this requirement in two important ways: firstly, the physical processes that
constitute the preparation process may occur naturally without the intervention
of experimentalists and, secondly, the preparation procedures are represented
by open sets of states. For example, the quantum real number value ag (W) of

a quantity that is represented in standard quantum theory by the operator A is
given by a function labelled by A and defined on a domain W that is an open
subset of state space. The open subset of state space represents an equivalence
class of preparation processes that give the quantity that quantum real number
value. In the category of sheaves on Es, the open set W is a truth value, the
extent to which the quantum real number value of the physical quantity is held.
We assume that physical quantities always have numerical values expressible
as quantum real numbers or as functions of quantum real numbers but do not
always have standard real number values.

The cartesian product Rp?® of three copies of the Dedekind real numbers Rp
is taken to be the three space of quantum mechanics. Its geometric properties
depend upon the structure of the underlying continuum of Rp [8]. Rp is a field
that is partially ordered but not totally ordered, in particular, trichotomy does
not always hold for quantum real numbers. Also it is not Archimedean in the



sense that there are numbers a € Rp such that a > 0 but there is no natural
number n € N such that n > a. Rp is a complete metric space with respect to a
distance function derived from the norm function |-|: Rp — — > Rp that takes
a to maz(a, —a) [8]. With this we can define a distance function between points
in Rp® which can be used to define quantum localisation of quantum particles.

Quantum localisation is different from classical localisation. For example,
suppose that the z-coordinate of a particle has the quantum real number value
z2o(W'), where W is the union of disjoint open subsets, W = U UV with U N
V = 0. zo(W) is a single quantum real value and hence represents a single
point on the z-axis in quantum space. But if there are standard real numbers
21 < 2o < 23 < 24, With 21 < Zg(U) < 22, 23 < Zg(V) < 24 and 29 < 23
then the single quantum real number value may be viewed classically as a pair
of separated intervals of standard real numbers and hence non-localised. This
example of the difference between quantum and classical localisation can be used
to understand the 2-slit experiments. A particle may be localised in terms of
the quantum real number values of its position but not localised in terms of the
classical standard real number values. Similarly the quantum distance between
a pair of particles may be small even though the classical distance between them
is large.

According to this theory, the ontology of quantum particles is the same as
that of non-relativistic particles of classical mechanics except that the numeri-
cal values of their positions and momenta are given by quantum real numbers.
The dynamical equations of motion of a quantum particle are given by Hamil-
ton/Newton’s equations expressed in quantum real numbers. Thus in terms of
the quantum real number values of physical quantities the theory is determinis-
tic, but not necessarily deterministic if we seek to connect standard real number
values of quantities. Because Heisenberg’s operator equations of motion when
averaged over certain open subsets of state space closely approximate the New-
tonian equations for quantum real numbers defined on these open sets, they can
be interpreted as empirically adequate dynamical laws that locally approximate
the basic quantum real number dynamics.

The Dedekind reals Rp contain copies of the standard reals R and copies
of the standard rationals ) as constant functions. This has important con-
sequences in the measurement problem. In a measurement a standard real
number is sifted from the existing quantum real number, however a quantum
real number could give rise to many different standard real numbers. To obtain
a unique standard real number value we must use a sufficiently fine classical
grating G = {E1, Es, ...., E,,} where the E; satisfy E]2 =FEjand E; - B, =0 if
J # k [10]. When the sifting operations E; determine strictly e sharp collimated
quantum real numbers the Luders-von Neumann transformation (collapse of
the wave packet) rule provides a good approximation to the sifted quantum real
numbers. There is a different way of posing the measurement problem. Do there
exist Newtonian-type forces that when expressed in quantum real numbers al-
low a quantity whose quantum real number values are not well approximated
by a single standard real number to evolve so that its quantum real number
values do become well approximated by a single standard real number 7 It



seems reasonable that such forces exist, but we do not yet have an answer to
this question.
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